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Abstract 

A new (in)finite dimensional algebra which is a fundamental dynamical symmetry of a large class of (continuum 
or lattice) quantum integrable models is introduced and studied in details. Finite dimensional representations 
are constructed and mutually commuting quantities - which ensure the integrability of the system - are written 
in terms of the fundamental generators of the new algebra. Relation with the deformed Dolan-Grady integrable 
structure recently discovered by one of the authors and Terwilliger’s tridiagonal algebras is described. Remarkably, 
this (in)finite dimensional algebra is a “q— deformed” analogue of the original Onsager’s algebra arising in the 
planar Ising model. Consequently, it provides a new and alternative algebraic framework for studying massive, 
as well as conformal, quantum integrable models. 
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1 Introduction 

Two-dimensional completely integrable models (continuum or lattice) are characterized by the existence of an 
(in)finite set of mutually commuting conserved quantities. Such property allows to solve the model exactly 
without considering approximation schemes. Since the exact solution of the planar Ising model by Onsager in 
1944 [2, several methods have been proposed to analyse in a nonperturbative way integrable models. For instance, 
the factorized scattering theory (based on Yang-Baxter/star-triangle relations), quantum group symmetry, Bethe 
ansatz techniques and conformal field theory framework are constantly applied to derive exact results (such as 
the exact S'—matrix, VEVs, forms factors,...) in quantum integrable models. For systems with an (in)finite 
number of degrees of freedom, integrability takes its roots in the existence of an (in)finite dimensional symmetry. 
For instance, in the context of (massless) conformal field theory, the infinite dimensional Virasoro algebra with 
fundamental generators L n satisfying 


\Tri: L r n\ (n lTl)L n ^. rn ^ ip ^)^n-j-m,0 


( 1 ) 


where c denotes the central charge, actually gives a powerful algebraic approach to critical statistical systems 
and corresponding field theories (Sj- Indeed, exact results like correlation functions (which were previously not 
accessible using standard techniques like renormalization group methods) can be derived in a systematic manner 
using the properties of the Virasoro algebra. Later on, other types of infinite dimensional conformal symmetries 
including for instance supersymmetry 0, parafermionic symmetry 0, W—algebras 0 and current algebras 0 
have been considered, extending O- Similarly, they found several applications in a large class of critical statistical 
systems or conformal field theories with enlarged symmetries. 

In the context of integrable massive quantum field theory or lattice systems, hidden symmetries associated with 
quantum groups mm or deformed Virasoro algebra 0 (in the vicinity of critical points) have been introduced 
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in order to derive exact results in these models. However, an infinite dimensional algebra characterizing the 
dynamical symmetry of a large class of quantum integrable massive models has not yet been found. The only 
known example in this direction is the Onsager’s algebra with generators A kl Gi satisfying 

[Ak, Ai\ = 4G k -i , [Gi,A k \ = 2Ai +k -2A_i +k , [G k ,Gi] = 0 (2) 

for any integers k,l. This infinite dimensional Lie algebra was originally introduced in D in order to solve the 
planar Ising model in zero magnetic field. Although it played a crucial role in the original solution of the Ising 
model, this algebra only arises in a few other quantum integrable models (XY, superintegrable chiral Potts m 
and generalizations CD)- In these models, all conserved quantities I- 2 k +i can be simply expressed in terms of the 
fundamental generators A k as 

tv 

I'2 k +i = + '4—fc) + ~2~{A k+ i + A-k+i) j (3) 

for k > 0 where k, k* are arbitrary parameters. Also, note that in the 80s the Onsager’s algebra was shown to be 
closely related with the integrable structure discovered by Dolan and Grady in m Despite of its nice properties, 
the Onsager’s algebra remained an interesting curiosity in the last sixty years. 

Clearly, identifying the underlying (in)finite dimensional symmetry in quantum integrable systems is a funda¬ 
mental and important problem that we wish to adress in this paper. Indeed, we construct explicitly and study 
in details an (in)finite dimensional algebraic structure with fundamental generators \N- k , Wfc + i, Gfc+i, Gfc + i 
satisfying 

[Wo,W fc+1 ] = [W_ fc)Wl ] = {ql/2 + q _ 1/2) (G k+1 - Gfe+i) , 

[W 0 ,G fc+ i] 9 = [G fe+ i, W 0 ] q = p\N_ k _i — p\N k+ i , 

[Gfc+i, Wi]^ = [Wi, Gfc+i] ? = pWfc + 2 — , 

[Wo, W^ fe ] = 0 , [Wi, W fc+ i] = 0 , (4) 

and 

[Gfc+i, G;+i] — 0 , [Gfc+i, Gj+i] — 0 , [Gfc+i, G;+i] + [Gfc+i, G;+i] — 0 , 

with fixed scalar p and k,l £ N. Finite dimensional representations are obtained, and examples of quantum 
integrable systems (XXZ spin chain, Sine-Gordon and Liouville field theories) which enjoy this symmetry are 
given. More generally, our framework opens the possibility of analyzing a large class of quantum integrable 
models from a new point of view, in the spirit of Onsager’s approach [Tj. The paper is organized as follows. In 
Section 2, the fundamental relations 0 are derived using its relation with a class of quadratic algebra, namely 
the reflection equation. Indeed, finite dimensional representations of its fundamental generators are shown to be 
generated from general solutions of the reflection equation. In particular, the closure of the algebra is ensured 
by the existence of a set of linear relations among the generators. Explicit expressions of mutually commuting 
quantities in terms of \N^ k , Wfc+i, Gfc+i, Gfc+i, generalizing © are obtained. Also, we argue that similarly 
to the undeformed case, the integrable structure generated from our “g—deformed” Onsager’s algebra coincides 
with the deformed Dolan-Grady integrable structure recently discovered in usmu In particular, we exhibit the 
correspondence in the simplest cases. In the last Section, we give some examples of quantum integrable systems 
which enjoy this (in)finite dimensional symmetry. 

2 Structure of the algebra 

In the last thirty years, one of the most important progress in the approach of quantum integrable systems has 
been based on the star-triangle relations which originated in DEI and led to the Yang-Baxter equations, the 
theory of quantum groups as well as the quantum inverse scattering method. Although the star-triangle relations 
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and the Onsager’s algebra © first appeared in the work of Onsager, to our knowledge, a direct and explicit 
link between both structure has never been found or even noticed. Based on the recent results in mm , in 
this Section we will exhibit such a link, relating a class of quadratic algebras - the reflection equation sometimes 
called the boundary Yang-Baxter equation - and a new finite dimensional algebra with deformation parameter q 
generalizing the Onsager’s one. 3 . This link will allow us to derive the defining relations m for the new algebra, 
as well as mutually commuting operators written in the basis of its fundamental generators. 


2.1 Fundamental generators and recursion relations 

Following m m , let us consider the quadratic algebra (reflection equation) which was first introduced by 
Cherednik in m- 

R{u/v) ( K(u ) 8 S) R(uv) (J 8 K(v)) = (1® K(y)) R(uv) (. K{u ) 8 I) R(u/v ) . (5) 

This equation arises, for instance, in the context of quantum integrable systems with boundaries E! We report 
the reader to the literature on the subject for more details. For our purpose, we restrict our attention to the 
trigonometric R— matrix R(u) which solves the Yang-Baxter equation. In the spin— 1 representation of t/gi /2 (s^), 
it reads 


R(u) = '^2 Vij(u ) <Xj 8 <Jj , 

i,ie{o,3,±} 


( 6 ) 


where 

WOO (u) = ±(? 1/2 + l)(ii-<r 1/2 0, LoM = - i (q 1/2 -l){u + q- 1 ' 2 u- 1 ) , 

*+-(«) = co. + (u) = q 1 ' 2 - q- 1 ' 2 , 

and (Tj are Pauli matrices, cr± = (oq ± i<72)/2. Suppose that one knows an “initial” two-dimensional matrix 
solution K(°\u) of 0 , then a family of solutions to © can be easily obtained using the so-called “dressing” 
procedure mi, Indeed, consider the fundamental solution (called L— operator) L(u) of the quantum Yang-Baxter 
algebra 


R(u/v){L(u ) 8 L(v)) = (L(v) 8 L(u))R(u/v) 


(7) 


In the basis {S±,S 3 } of the quantum algebra U q i/ 2 (sl 2 ) with defining relations [s 3 ,S±] 
( q s3 — q~ S3 )/(q 1 ^ 2 — q~ 1 ^ 2 ) , the L —operator takes the simple form: 


L(u) 


uqlq s 3/ 2 — u x q *q S3//2 
{q X/2_ q -X/2 )S+ 


y/ 2 -q-V 2 )S_ \ 

uqiq~ S3 ^ 2 — u~ 1 q~iq S3 ^ 2 ) 


±S± and [S+,S-] = 


( 8 ) 


From the results of El. it follows, for any parameter v £ C, that 

R( n \u) = L^(uv) ■ ■ ■ Li(uv)K^' 0 \u)Li(uv~ 1 ) ■ ■ ■ Ljj(mu _1 ) (9) 

acting on the quantum space = ®j=l Fj also solves ©. Due to the choice ©, it is clear that this general 

“dressed” solution is a two-dimensional matrix in the auxiliary space with operator entries. Then, in full generality 
we decide to write it as 


if (JV) (it) = ^2 a j 8 (u) , (10) 

ie{o,3,±} 

where are rather complicated operators acting on the quantum space V^ N \ Our main objective is now 

to write these operators in a more convenient form. In the following, we choose the trivial solution of 0 to be 
K(°\u) = (cr + /co + cr_)/(( 7 1 / 2 — g -1 / 2 ). Note that, according to 0, 0, the operators (u) are combinations 
of Laurent polynomials of degree —2 N < d < 2 N in the spectral parameter u and operators acting solely on 
0^=1 Uqi/zjsh)- _ 

3 As we will see later on, defining relations for the Onsager’s algebra 0 are recovered setting q = 1. 
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2.1.1 Case N = 1 


For simplicity, let us start by considering N = 1 in Note that this special case was first studied in details in 
El, having some interesting applications in the context of quasi-exactly solvable systems (Azbel-Hofstadter one 
in particular). This simplest “dressed” solution takes the form (1101) for N = 1 where the operators Q* 1 ^(it) are 
easily written as El HI: 


Hq 1 ) (it) + fig 1 '' (it) = 


0 ^( 11 )-n^ i; (u) = 


a), 


uq 1 ' 2 Wj 11 - u-'q- 1 ' 2 W[ 1} , 
uq } - U - I g- 1 / 2 W( 1) , 


n 


+ \u) 


q x ' 2 u 2 


q~ X I 2 U~ 2 


-( 1 ) 


,( 1 ) 


Co (<? 1/2 - q- 1/2 ) gVa + g - 1 / 2 


( ? l/2_ g -l/2) + gl/2 + g-1/2 + CoUJ 0 


1/2 2 1 - 1/2 —2 

q' u +q ' u 


r (1) 
co Ci 1 


,(!) 


( 11 ) 


where the generators Wq 1 ^, \n[ x \ G^, ^ have been introduced. As shown in he the generators G) 1 ' ) ,G) ±) are 

given by G^ = [W^, Wg^] q and G^ ^ = [Wq X \ W^ 11 ], where the q— commutator 

[X, Y] q = q l / 2 XY - q~ 1 / 2 YX 

has been introduced. In the basis of [A 1 / 2 (s/ 2 ), they admit the following representations: 


(i) M 


= 

wf } = 
gS 1} = 


g w = 


1 

Co 


vq 1/A S + q 83 / 2 +v- 1 q- 1/A S-q S3 / 2 , 


-V^q-^S+q-^ 2 + V /4 S-<T S3/2 
co 

(g 1 / 2 + <z -1 / 2 ) r {v 2 + v~ 2 ) 


co(<z 1/2 -<r 1/2 )L(g 1/2 + <r 1/2 ) 

(g 1//2 + g -1 / 2 ) r {v 2 + v ~ 2 ) 


- (vq S3 + : 


J ) Yiq-q-^S 2 


c 0 (q 1/2 ~ q~ 1/2 ) L(g 1/2 +g -1 / 2 ) 


„U) 


-(v 2 q~ s 3+rV 3 ) + -(g-g“ 1 )S 2 


( 12 ) 


The remaining constant term Wq 1 '* in EJ can be either obtained directly from 0, or follows by plugging m with 
the structure EJ and El in ©. This last requirement imposes strong constraints on the generators, leading to 
the so-called Askey-Wilson relations Ej. We report the reader to E for details. In any case, one finds 


,.(i) - 

LU n — 


(v 2 + v~ 2 ) -(,•) 


/ _ n w o 
co(q-q 

where the Casimir operator eigenvalue of U q i/ 2 (sl 2 ) reads Wq 1 = q- 

2.1.2 Case N = 2 


(13) 


U) _ „j+l/2 


q 


-1-1/2 


For N = 2, the calculations are more involved but the procedure being straightforward, we do not need to report 
the detailed analysis. Part of the results below can be found in HU- but written in a slightly different form. In 
this case, the solution of the reflection equation 0 is given by El for N = 2 with (see also Hi) 

n (2 \u) + n (2 \u) = uq 1/2 (P^ 2 \u)\N (2) + p1 2 l ) (w)W( 2 1) - u- 1 q- 1/2 (P^\u)\N {2) + Pi 2) (n)V\4 2) ) , 
f^ 2) (it) - fi< 2) (it) = uq 1/2 (P 0 (2) (it)wf } + p! 2) (w)V\4 2) ) - u~ X q- yl2 (P 0 (2) (u)\N {2] + P (2 l (it)W^) , 


n (2 \u) 


n (2 \u) = 


(q 1/2 u 2 + q 1/2 tt 2 ) „( 2 ) 


c 0 (g 1/2 - q-V 2 ) 


pr(u) + 


1 '~W(„,\rS 2 ) , p( 2 )/„.\r:( 2 A 


q 1 / 2 + q~ I/ 2 


— ^ 2 \ u) G[ 2) +P^(u)G^) + 


U n 




{ P«\u)Q\‘’+P™ W G'") +co4 2> ,(14) 


(g 1 / 2 _ 1/2) 


/2 
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where the generators W^, W^ 1; G^ 1; G^+i for k £ {0,1} have been introduced for further convenience. Their 
finite dimensional representations in the tensor product basis of t/ 9 i/ 2 (s/ 2 ) <8> U q i/ 2 (sl 2 ) can be obtained as before, 
and coincide exactly with the ones corresponding to the general case N. So, we refer the reader to the next section 

(<y\ 

for explicit expressions. Let us however mention that the exact expressions for the Laurent polynomials P_^(u) 
with k £ {0,1} are given by 


P 0 (2) (u) 

p { -hu) 


g l/2 u 2 + q -l/2 u -2 + Co(q l/2 _ q -l/2 )(Ji 


( 1 ) 

0 


q^ + q- 1 ' 2 


( v2 + v 2 ) (j) 

(gi /2 + <r 1/2 ) 0 ’ 


(15) 


Finally, the constant term in o reads 


uj 


( 2 ) 

0 


( y2 + v 2 ) u .oyp 

(q 1 / 2 + W ° ° 


(16) 


2.1.3 General case N 


For general values of N, we want to find an explicit expression for K^ N \u) such that the dependance on the 
spectral parameter u in the operators SI ^ N \u) is disentangled, similarly to GJ. Based on previous results for 
N = 1 and N = 2, we propose the following ansatz in (fTUl) for K^ N \u): 


N-l 


f2g iV ' ) (u) + Oc ( JV ' ) (u) 

= uq 1 ' 2 Y ^W w -* - M_1 


k—0 


N-l 

n { Q N) (u) -n ( 3 N \u) 

= uq 1/2 Y P - N k\ u ) W l+l - 


/c—0 

ftfV) 

qi/2 u 2 + q -i/ 2 u -2 

= t 1/2 _i/ 2 \ P 0 («) + 

co [q 1/2 -q 1/2 ) 

n ( _ N \u) 

9 !/2 u 2 + g -V 2 l t -2 

= (gl /2_g-l/2) P 0 («) + 


N-1 


k=0 

N-l 


k =0 


1 






N-l 


,(N) 

J k +1 > 


i- k } , 


ql/2 + q —l/2 

Co 

1/2 + - 1/2 


i w W 


y >®Sfc ( M ) G fc+i p^o > 

/c—0 
N-l 

E n(iV)/ , (JV) / 17 n 

P -/c ( W ) G /c+l +C0^0 > ( 17 ) 


k—0 


where P^Lp ( u ) are Laurent polynomials to be determined. As explained above, according to the analysis of El. 


one knows that 


K {N+1) {u) = L n+1 (uv)K (N \u)L n+1 (uv x ) 


(18) 


is also a solution of © provided L(u) obeys ©. For the ansatz to be correct for all N, we thus need to 
show that K^ N+1 \u) keeps the form with N —> N + 1. To do that, we proceed as follows. First, let us 
assume given N fixed. Then, we have to find an explicit relation between the tensor product of the “old” 
basis Wj^, G*. + i with U q i/ 2 (sl 2 ) and the “new” one W^ +1 \ Wjj.^ 1 \ G*.^ 1 \ Gj( + i~ Such relation 

can be obtained, however being rather complicated we report the reader to Appendix A for the explicit recursion 
relations lltifl) in the (N+l )—tensor product basis of U q 1/2 (s^)- At the same time, the following recursion relations 
for the Laurent polynomials: 


p o ( " +1) W = 

[q 1/2 u 2 + q 

II 

1? 

+ 

(q 1 ' 2 + q- p 

pi - N N +1 \u) = 

(q 1 ' 2 + q- 1 ' 


- 1 / 2 u~ 2 - 


-fe+iv 


(9 


a 1 ) d ”/-)+^ 


1 / 2 ) 

(v 2 + V~ 2 ) 

\ql/2 + q -l/2)‘ 




for 


k £ {l,...,N - 1} , 


-JV+lV 


(19) 
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appear naturally. In addition, the constant term transforms as 


ui. 


(JV+l) 


i v2 + v 2 ) w (j) u m 

W 0 LO q 


0 q V 2 + q- 1 / 2 ) 


( 20 ) 


Remarkably, in the basis EH the operators Cl( N+1 \u) can be drastically simplified. Indeed, using the ansatz GB 
and the recursion relations for the polynomials P^j? (u) as written above, these operators reduce to 


f i N+ 1 \u) + f i N+ 1 \u) = (: n ( 0 N \u) + n ( 3 N \u ))\ N ^ N+1 + uq^ 2 q 33 ® A^ +1) - li " 1 ?" 1 / 2 ?-* 3 ® A^ +1) , 
^cjv+i'i, , ^fjv+11, s r~(m, ^ t jv'i / !/■> _ .fjv+i} -iq- i /2q S3 ^ ^(jv+i) 

+ 1 ) 

‘+ v u J — v“/ijv->jv+i t w -y m + 


'(UJ = [Uq '{U)-U 3 (u))\n->N+1 + uq ’ q 

n^ +1 \u) = n^\u) I/v^jv+i + (<z 1/2 - g- 1/2 )rf +1) , 
J^ +1) (U) = ^(uJljV^V+l + (q 1/2 ~ q~ 1/2 ) rL W+1) , 


( 21 ) 


where we denote 


r^ +1) = vq-'^S-q 33 ' 2 ®A[ N+1) +v- 1 q 1/4 S-q~ S3 / 2 ®Af +1) + 
r^ +1) = v- 1 q 1,i S+q S3/2 (8) A^ +1) + vq- 1/4 S+q- 33/2 ® A^ +1) + 


7-TTT^Af +1) 

( 9-9 ) 

(q-q ) 


It is clear that the extra (unwanted) operators Aj N+1 ^ with j G {1, ...,4} (written below) must be vanishing in 
order for the ansatz IT71) to apply in the case IV+ 1. To show that, let us focus for instance on A^ JV+1 \ According 
to previous analysis, one has 


A[ W+1) = 


(JV) 


-N 


JV -1 


+ £ ((^V + ,- 1/2 «- 2 )^>(«) - (q V 2 + g - 1 /2) P W i(u) ) W W . 


( 22 ) 


fe = l 


In other words, the fundamental generators W^, G^ must satisfy non-trivial linear relations. 

Furthermore, for consistency reasons the relations EH must be independent of the spectral parameter u. It is 
then useful to notice that the Laurent polynomials EH can be written as 


P 


W 

-fc+i 


JV -1 


q l / 2 u 2 + q 1 ! 2 u 2 \«-k+i 


, s = _ 1 / q ' u + q ' u 

[U> (q 1/2 + 9 _1/2 ) n ~^'_ 1 ' g 1/2 + q~ 1/2 ) 


C 


(JV) 


(23) 


for 1 < k < N, together with the initial condition Pq' 1 (u) = 1 . Here the coefficient C^ are found to satisfy the 
recursion relations 


C 


(JV) 


= -(q-q )co^o 


(JV—1) (v 2 + v 2 ) „..(j)^(JV- 1 ) 


(9 l/2 +g -l/2) W 0 °0 


AT = <^ + tor ! < 


k < N-2 


C 


(JV) 

-JV+l 


= (,■/»+,- I/a )AT,A> 


(24) 


with Cq 1 ^ = — (g 1 / 2 + q 1 / 2 ). In particular, using EH we immediately deduce for k £ (1,..., N — 1} 


(^V+f'M^’W - (, 1/2 + ,- 1/2 )pW l(u ) = cW . (25) 

Note that relations analogous to EH also hold f° r A) iV+11 with j G {2,3,4} substituting by wj.+j, Gj^ 

or G fe+1 , respectively. Then, as explained above, I\ ( N+1 \u) will have the structure (II Tl) provided A I 'j N+1 ' ) = 0 for 
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j £ {1, ...,4} are satisfied for all values of TV. After replacing 12511 in <P1). we finally get the following (spectral 
parameter independent) linear relations among the fundamental generators 


N 

co(i I/a - ■r 1/ >r ) w™ - £ Cffi,w« = 0 , 

k =1 
N 

c 0 ( q 1/2 - - E = 0 , 

fc=l 

N 

co( 9 1 / 2 - ? -V > (- ) G (- ) _ Ea W iG W =0) 

fc=l 

N 

( 1/2 —1/2\ (N)^(N) n {N) f-OT _ n / 0 ^\ 

co(g q )^o — Q ( 26 ) 

fc=l 


with CT . ifHt) and 


MN) 
°- fc +1 




JV-fc 


TV! 


(k)\(N — k)\ 


for k £ {1,TV}. Using the representation Killl . we have checked explicitly that these linear relations are satisfied 
for all TV. For simplicity, details are reported in Appendix B. The terms vanishing in EEJ. it follows that 

/\( Ar+1 )(u) is given by 1101) . with 11711 using the substitution TV —> TV + 1. This being true for TV = 1 and TV = 2 
as shown in previous sections, we conclude that the general solutions of the reflection equations can be written 
as GDI with lfI7ll for all values of TV, where the algebraic structure is now encoded in the fundamental generators 
w m w W r (JV) f-W 

vv -fc > vv fc+i’ b fc+i- 

2.2 Integrable structure and generating function 

Applied to quantum integrable systems on the lattice, the generalized quantum inverse scattering approach 
provides a powerful method in order to derive in a systematic way a family of independent mutually commuting 
quantities. For instance, as shown in m one can introduce the functional 


iW(tO = tro{K + (u)K < ' N \u)} 


(27) 


with m and K + (u) which solves the “dual” reflection equation 4 . Here fro denotes the trace over the two- 
dimensional auxiliary space. Then, it is proven in Et that m satisfies 


[iW(u),tW(tO] =0 for all u,v£C 


(28) 


i.e. t^ N \u) constitutes the generating fonction for the mutually commuting operators. For instance, let us plug 
the c—number solution of the “dual” reflection equation Em eei 




jy / \ I IV I W IV 

K+[U) = V K+(<Z 1/2 + q- 1/2 )(qu 2 - q-'u- 2 ) 


u l q l / 2 n* K-{q 1 / 2 + q 1 ^ 2 )(qu 2 — q 1 


1/2 -i- 

uq ' n 


u l q x ! 2 k 


- x u- 2 )lcv 


(29) 


with n* = k 1 , k± arbitrary complex parameters and CE3 with 03 in (E3- Immediately, we derive 


N -1 


t {N \u) = E (q u2 - q lu 2 )P-V( u ) Akl i + f ( u ) 11 > 


k—0 


with 121 and 


(q 


1/2 


-tv ^ y± +q 1 / 2 )(qu 2 -q l u 2 )((q 1 / 2 u 2 +q x / 2 u 2 ) u (n) / ^ , (n)\ ( , ^ 

T(u) = -7- [ - (g l/2 _ g -l/2) - p 0 »+CQt *>6 + 


Co 


4 The “dual” reflection equation follows from Ej by changing u —► q 4 / 2 u 1 . 


q 1 / 2 v 1 and K(u) in its transpose. 


( 30 ) 
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Note that the function T(u) is obviously not important from an algebraic point of view. Here, we have introduced 
the operators which can he written in terms of the fundamental generators as 


2 2fc+l — hW -fc + h VV fc+1 + + K-^k+l 

for k £ {0,1, ...,N — 1}. In particular, the property (I2S1) leads to 


(31) 


[Aklx^+i] = 0 ^ k, l £ {0,..., TV - 1} . 


(32) 


These latter commutation relations impose strong constraints on the fundamental generators. Indeed, plugging 
m in 03 one gets the commutation relations 


w^,w^] 

= 

0, Ki.wJ^o, 

[wLY.w 12 

] + K+l.w™] = 0 

r r (JV) r (JV)-i 

l>fc+l> ^1 + lJ 

= 

0, [CLC]=o, 

rpW r( N )] 

L^fe+u b /+iJ 

+ [Gffl,Gw]=0, 

[wffi,G ffi] 

+ 

[Gf>{5]=0, 

KIl.C] 

+ [Ci.W, l ">]=0, 

[W^.Gffi] 

+ 

[G^i,\A/W]=0, 

[«<_?. Cl 

+ [Ci.«T]=o- 


(33) 


A few remarks can now be done. First, although from the beginning we have considered tensor product repre¬ 
sentations of U q i/ 2 (sl- 2 ), the form of 13111 esentially relies on the structure m with GO). Then, classifying all 
possible finite, infinite dimensional or cyclic tensor product representations different from m is an interesting 
open question. Secondly, it should be stressed that given N, the relations (PI) and their generalizations (see 
Appendix B EH o are responsible of the truncation of the integrable hierarchy, i.e. any quantity fo r 

k > N can be written in terms of all with k < N — 1. It follows that given N, there are only TV— independent 

mutually commuting fundamental quantities. To conclude, let us mention that for the special case N = 1 (and 
k = 0) it is easy to check that 1311) coincides exactly with the result of CHI 


2.3 Fundamental q —deformed commutation relations 

We are now interested in the algebraic structure associated with the fundamental generators , Gfc+i 

The form of (fTTl) and the representations lloTl) being determined by the quadratic algebra 0, this equation fixes 
all fundamental relations among the generators. To extract these relations, we proceed as follows. First, from m 
and ©, one has 

^l 1 / 2 ) [L(m)] = R(u) , (34) 

where 7 rl 1 / 2 ) denotes the spin-i representation of f 7 9 i/ 2 (sZ 2 )- Then, plugging K^(u) in 0 , this latter equation 
can be written as 

(tt ( 1/2) x id (JV) )[% + i (uv 1 )A'W( M )L N+1 ( uv)] (l eg) K^ n \v)) 

= (J (g iv^ JV ' ) (t!))(7r (1 / 2 - ) x id < ' N ^)[L^ + i(uv)K < ' N \u)L^ + i(uv~ 1 )] . (35) 

Being satisfied for any value of the spectral parameter u , following m we can consider its asymptotic expansion 
for u —> oo. Replacing m with in (33, one finds that the leading equation is trivially satisfied. However, 
the (next) two subleading ones read 

X = (^/ 2 > x id {N) )[\N { 0 N+1) ]K^ N \v) , 

(nW x idW)[\N[ N+1 %^ v -iK( N \v) = (tt^ x#))[W< w) ]Jf (W) («) . (36) 

Using the recursion relations m for the finite dimensional representations of the fundamental generators and 
7 r ( 1 / 2 )[ 5 ' ± ] = a± and [s 3 ] = < 73 / 2 , one has 

^uwr 1 ’] = ( 5 ;T ) • ' <I/2) [wr +i >] = (*■*<’ ) ■ 


It is now easy to simplify the intertwinning relations (I .'Kill . After some calculations, the constraints l!3Hl> appear 
naturally with the use of (1251) . These latter relations being satisfied (see Appendix B for details), ommiting the 
index N we end up with the defining relations © for all k G (0,..., N — 1} provided one identifies 


(<? 1/2 + < r 1/2 ) 2 

p = -• ( 37 

Co 

Note that some of the relations 0 already appear in ElJ. Actually, it is easy to give an alternative derivation of 
the q— deformed commutation relations 0 using the representation CD- Indeed, for any N the constraints EH 
are satisfied. Let us consider N —► N+l in these constraints, and replace the generators W^ +1 \ G^^, 

Gfc + i~ \ k G by their finite dimensional representations iKilll . After some straightforward calculations, 

the q —deformed relations 0 arise explicitely. Consequently, this shows perfect consistency between the approach 
p5|) associated with the symmetries underlying ©, and the properties of the integrable structure CSD, i-e. EH). 
It follows that all elements wj^, G^ for k G {0, ...,N — 1} are generated from \Nq N \\n[ N ^ using 

the recursion relations 0. 


2.4 Relation with tridiagonal algebras and deformed Dolan-Grady hierarchy 

The integrable structure m is known to be identical m with the Dolan-Grady construction introduced and 
studied in m , but corresponding to a different notation. This latter structure was found to apply to the class of 
Hamiltonian of the form 


H = kA 0 + k*Ai . (38) 

As shown in im the integrability condition of the related models (Ising, XY,...) relies on the existence of two 
(necessary and sufficient) conditions, the “Dolan-Grady relations”, defined by 

[Ao, [Ao, [Ao, Ai]]] = 16[Ao, Ai] and [Ai, [Ai, [Ai, Ao]]] = 16[Ai, Ao] . (39) 

All higher mutually commuting quantities beyond EE l can be written solely in terms of the fundamental operators 
A 0 , Ai. Note that provided Ao, Ai satisfy PH - the whole Onsager’s algebra 0 is generated. Also, A 0l Ai as well 
as the other generators of the Onsager’s algebra can be expressed in the basis of the loop algebra sl 2 [23H2HES1 
We refer the reader to these works for details. 

Surprisingly, a “q— deformed” analogue of the Dolan-Grady relations EH recently appeared in the context of 
P— and Q— polynomial association schemes 03I23EEI: 

[A,[A,[A,A*]J 9 _ 1 ] =p[A,A*] and [A*, [A*, [A*,A]J g-1 ] =p[A*,A] . (40) 

By [EE], Definition 3.9] the tridiagonal algebra T is the associative algebra with unity generated by two symbols 
A, A* subject to the relations EH- We call A, A* the standard generators. Here q is a deformation parameter 
(usually assumed to be not a root of unity) and p is a fixed scalar. Let V denote a finite dimensional irreducible 
module for T. Then the pair of linear transformations A : V —» V and A* : V —► V is said to be a tridiagonal (TD) 
pair n Definition 1.1], which complete classification remains an open problem. The subset of TD pairs such 
that A, A* have eigenspaces of dimension one is called Leonard pairs, classified in m- In particular, Leonard 
pairs satisfy (for details, see EH]) the so-called Askey-Wilson (AW) relations first introduced by Zhedanov in 01- 
Other examples of TD pairs can be found in EEIED: for p = 0 in which case EH reduce to q— Serre relations; 
for q = 1 and p = 16 which leads to the Dolan-Grady relations PH . The more general situation p ^ 0, q ^ 1 was 
recently considered in details in mm- There, it was found that TD pairs A, A* admit a realization in terms of 
the quantum affine Kac-Moody algebra Ugi/z^k)- This algebra is generated by Q±, Q ± and H subjects to 

q~ 1/2 Q±Q± ~ q 1/2 Q ± Q± = o , 

- q~ 1/2 Q T Q± = . 

q eH Q± = q ±e Q±q eH , q tH Q± = q ±e Q±q eH (41) 
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together with the q— Serre relations 

Q±Q -f — (i + q + ? 1 )Q±Q^Q± + (i + 9 + q 1 )Q±QtQ± ~~ QtQ± = o > 

Q±Q ^ — (i + q + 9 1 )Q±Qq;Q± + (i + q + 9 1 )Q±Qq:Q± — Q=p Q± = o • 

Also, the Hopf algebraic structure of U q 1/2 (s^) is ensured by the coproduct A : U q i /2 (sfa) —► Z 7 g i /2 (sfo) x Z 7 g i /2 (SZ 2 ) 
associated with GU acting on the fundamental generators as 

A(Q±) = <5± <S> I + (8) <5± , 

A (Q ± ) = Q±®X + q TH ®Q±, 

A (q H ) = q H 0 q H . (42) 

More generally, one defines the A—coproduct A^i : U q i/ 2 (sl 2 ) —* U q i/ 2 (sl 2 ) < 8 > • • • <E> U q i/ 2 (sl 2 ) as 

A (w i = (id x ■■■ x id x A) o A (JV_1) 

for A > 3 with = A, A' 1 ) = id. Note that the opposite A—coproduct is similarly defined with 

A' = a o A, where the permutation map a(x <g>y) = y <S> x for all x,y £ U q i/ 2 (sl 2 ) is used. As noticed in m, it 
is not difficult to show that some linear combinations of U q i/ 2 (sl 2 ) generators satisfy G3 - More generally, using 
the homorphism property of G3>, it is straightforward to check that 

A = A( JV )(i-Q+ + Q_+e+< Z ff ) and A* = A™ (q_ + i-Q + + e-q~ H ) (43) 

defines a family of TD pairs (i.e. (1401) is satisfied) for arbitrary parameters e± and the identification 1371) . Note 
that although the special case e± = 0 is considered in most of this paper, as pointed out in M the algebraic 
structure remains the same for e± 7 ^ 0. The only difference arises in the exact expressions for the c—number 
coefficients in the linear relations G3- 

A q— deformed analogue of the Dolan-Grady integrable structure m was proposed in uni cm, also based on 
the properties of the quadratic algebra ©• In the basis of A, A*, the two first charges simply read 


Xi 

X 3 


kA 


{ w , [[A. A-],, A], + A-) + «• ( + °;_ 1/2)2 [K, A] V], + a; 


(44) 


which are mutually commuting in virtue of m . Comparison between the results of previous Sections and 
the ones of m can be done easily, and allow us to find the explicit expression of the fundamental generators 
W^, Wj^, G^ 1; G^ in terms of A, A* satisfying GOt hr the simplest cases A = 1 and A = 2. Furthermore, 
it provides an alternative check of the fundamental q —deformed relations O, the linear relations as well as 
their generalizations G1-G3- 


2.4.1 Case A = 1 


Assuming that the entries are combinations of Laurent polynomials of degree —2 < d < 2 in u and 

operators, it was shown in m that any solution A^ 1 ) ( w ) takes the form m for A = 1 and the identification 

W?> = A , = A* , G™ = [A*,A] ? , G^ = [A, A*] ? . (45) 

It should be stressed that this does not require the relation m to be satisfied, and only relies on the degree of 
the Laurent polynomials in 12^ ( u). Nevertheless, the fact that K^(u) satisfies m imposes strong constraints on 
the generators A, A*: plugging m for A = 1 with GH> and using G3b one obtains the so-called Askey-Wilson 
relations m 


A 2 A* + A* A 2 — (q + g -1 )AA*A 
A* 2 A + AA* 2 ~(q + g _1 )A*AA* 


( g l/2 +g -l/2)2 
Co 

(gl/2 +g —1/2) 2 , _ (v 2 + v~ 2 ) _„(j) 
Co Co 


(v 2 + V 2 ) (j) 

- - -w^’t 

Co 


^o'A* 


(46) 
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In particular, it is easy to check these relations for the representation O- Having in mind the q —deformed 
relations 0 and the corresponding hierarchy <ED for k± = 0 , it is natural to propose from n the following 
identification: 


wL 1 ] = 


W^ 1} = 


co 


(ql/2 + q- 1/2)2 [ A ’ [ A ’ A ] q\ g + A 


(qi/2 4 - q- 1/2)2 [[ A ’ A ] g > A ]q + 


A . 


(47) 


This notation introduced in <03l, together with (Bhll leads to a set of very simple linear relations among the 
fundamental generators. These relations are actually responsible of the truncation of the hierarchy m for 
TV = 1, i.e. one finds that I 3 is proportional to I\. More generally, any higher charge l 2 fc+i for k > 1 can be 
expressed in terms of the first one in Based on this truncation which occurs at TV = 1 and the defining relations 
0, one finds a slightly generalized version of the first two equations in 03> for the special case TV = 1: 

c 0 (g 1/2 - q~ 1/2 )^o ) ^- ) i ~ c o 1 )w -j-i = 0 and c 0 (g 1/2 - g- 1 / 2 )4 1)w ffr - = 0 (48) 

for any l > 0. In particular, the AW relations correspond to l = 0. 


2.4.2 Case TV = 2 

Based on the results of 112, we proceed similarly. Assuming now that the entries SI* ' ^ (u) are combinations of 
Laurent polynomials of degree —4 < d < 4 in u and operators, the solution K^ 2 \u) takes the form 1101) for TV = 2 


with the identification 


Wf = A , 

wL 2 l = 

\N {2) = A* , 

= 

g£ 2) = [a*,a] . 

CD 

II 


co 


(g 1 /2 + g -i/2)2 

co 


[A, [A*,A] ( 


(49) 


(gl/2 + g- 1/2)2 [[ A ’ A ] g ’ A 


A . 


(9 + W 1 ) 


-( 2 ) 


= [a, a* 


-(2) _ r a 2 a*2] , Fa a *1 2 , _ Ta a*1 2 , ~ ? 1 / 2 )/a2 


G 2 — cki[A 2 ,A ] 2 + a 2 [A, A ] + «3 [A, A' ] + 


(A" + A' ) + cko , 


(q + q- 1 ) 


where 


„ 0 ) 2 


oto = 


Co(q 1/2 -q~ 1/2 ) \ (q 1 / 2 + q- 1/2)2 


- 11 - 


(u 4 + v 4 ) 
(q + q- 1 ) 


ai = -- 


Co(q 1 / 2 -q~ 1/2 ) 
(q 2 - q~ 2 ) 


Oi2 — 


co(q + q *) 


{q-q-'XqW + q- 1 '*) ’ 


a 3 — —- 


co(q 1/2 + q 1/2 ) 
(q 2 - q~ 2 ) 


It is important to notice that the expressions of the fundamental generators Wq 2 \ W^ 2 \ G^, G^ in terms of A, A* 
remains unchanged compared to the case TV = 1. In addition, the proposal 63) is confirmed. Plugging 
given by m with d in 0 and using m , we obtain the TV = 2 generalization of the AW relations 00) : 


[A,G^ 2) ] 


{ qi^ + q V -x / l)A j) ^ [ A *- A ] 9 ] 9 + [ A *' [A*, A],],-i + A* 


(q 


1/2 . 


- 1 / 2)2 


( V 2 + V 2 ) 2 


„ 0 ) 2 


[G^.A*], = 


CO c 0 (<7 1 / 2 + q- 1 / 2 ) 2 0 

\q^+q- v2)2 ^o J) t A % [A, A*]J, + [A, [A, A*],],-i + 


Wo' A 


(q 


1/2 . 


- 1 / 2)2 


(v 2 + v 2 ) 2 


Co 


c 0 (<7 1 / 2 + 9 _1/2 ) 


2 W 0 


O') 2 


A* . 


(50) 
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Notice that [G^A]^ = [A, G^] and [G^.A*]^ = [A*, gE,^ so that no other relations than (1551) are obtained. 
Based on the algebraic structure 0 , as before it is then natural to propose 


w ( y 2 

wf 


co 


(g 1 /2 + Q-l/2)2 [ A,G 2 


(2)1 


W. 


( 2 ) 


Co 


(g 1 / 2 + g-i/2)2 


[G^A*] +W 


( 2 ) 

-1 i 


(51) 


where the explicit expression of W^, wf 2 ^, G^ in terms of A, A* are used in the r.h.s of <EH>- Identifying CD 
in the constraint m . one finds immediately the linear relations © for N = 2. Using the same argument as 
before about the truncation of the hierarchy, it follows that only Zi and I 3 are independent for N = 2. All higher 
charges being linear combinations of them, we deduce 


co(g 1/2 - q~ 1/2 )co^ } \N ( ^ - cfwLli - C'i 2 1 ) wL 2) _ 2 = 0 » 
co(s 1/2 - «" 1/2 )4 2) W[5 1 - Cf - EM+a = 0 


(52) 


for any l > 0. For l = 0, the relations m are recovered. 


2.4.3 General case N 

For more general values of N, although technically difficult it is well expected that the fundamental generators 
can be written solely in terms of A, A + . Indeed, for q = 1 the deformed Dolan-Grady integrable structure must 
reduce to the undeformed one, so that operators in the two hierarchies are in one-to-one correspondence. This 
goes beyond the scope of this paper, so we do not pursue the analysis for N > 2. 

We now want to focus our attention on the construction of linear relations generalizing similarly to (HQ> 
and (I5H . First, it is an exercise to show using <0H|) and Q that the relation 

co(<7 1/2 - 9 - 1 / 2 ) 4 1 ) G |+ 1 - C { 0 1] = 0 (53) 

is satisfied, and similarly for G; Indeed, this is in agreement with the argument based on the truncation of 
the hierarchy CD for the more general case k± ^ 0. Any charge I^k+i for k > N being expressed as a linear 
combination of all charges Z^fc+i for fc < N — 1, and the parameters k, k* , k± being independent, we propose for 
general values of N the following relations generalizing © 


N 


C 0 (, 1/2 - ^2)4%? - E = 0 , 

k= 1 

(54) 

N 

c 0 (q 1/2 ~ q-W^WlS - E C-ZM+L = 0 . 

k= 1 

(55) 

N 

cotf' 2 - E EErGffi +1 = 0 , 

k= 1 

(56) 

N 

1 = 0 . 

(57) 


fc =1 


for any l > 0. For N = 1 and N = 2, these relations were obtained above. We have checked explicitly that these 
relations also hold for general values of N, using the explicit finite dimensional representations of the generators. 
We report the reader to Appendix B for details. As a consistency check, let us mention that the relations (TjTj!) . 
CD actually follow from (E2J and <1551) . using the q —deformed commutation relations 0. 
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3 Concluding remarks 

The Onsager’s algebra is known to be generated from two elements Aq, A\ satisfying the Dolan-Grady relations 
11-iiJII . Defining 4Gi = [A 1 , A 0 ], all higher elements A , G; in © are generated from the recursion relations 

123121123 

Ak +1 — Ak~i = — [Gi,Afc] , Gi = — [^4;,Aq] . (58) 

The relations itHUll are actually sufficient to reconstruct the Onsager’s algebra 0- Furthermore, for finite dimen¬ 
sional representations the spectral properties of 123 (as well as arbitrary combinations of Ak,Gi) are known to 
be encoded in the closure of the algebra 123 El which reads (for some coefficients otk) 

^2 a kAk-i=0, ’ s ^2 / akGk~i = 0. (59) 

k k 

In this paper, based on the link between the quadratic algebra © and the deformed Dolan-Grady integrable 
structure recently discovered in U3EJ, we have found that the algebra © introduced by Onsager in [I; admits 
a q —deformed infinite dimensional analogue © with fundamental generators W_fc, Wfc + i, Gfc+i, Gfc+i with k € N. 
Similarly to the Onsager’s algebra, the integrable structure follows from the “q— deformed” Dolan-Grady relations 
(i.e. tridiagonal algebra) (1401) with A —> Wo, A* —> Wi and the “q— deformed” recursion relations in ©■ It should 
be stressed that this new algebra possesses either finite or infinite dimensional representations: Finite dimensional 
representations cm have been obtained, in which case the generators satisfy a set of linear relations generalizing 
the Askey-Wilson ones 0 -6 3 - On the other hand, in the limit 5 N —> oo vertex operators representations can 
be used JT5J. 

This new symmetry ensures the existence of an (in)finite number (associated with the (in)finite parameter N) 
of mutually commuting quantities given by cm>- For the special (undeformed) case q = 1, the defining relations 
133, © coincide exactly with the ones considered in G2|, |23 Indeed, simple comparison between ©, © and 
1011) gives the exact relation between our generators and the ones in jOQj: 

W_fc| g=1 = (Ak + A_ k )/2 j W/;_|_i| 9= i = ( Ak+i + A_fc_|_i)/2 , 

Gfc+i| 9 =i = —Gfc+i| g =i = 4Gfc+i . (60) 

Also, the linear relations J23> as well as their generalizations EMS3 reduce to the ones proposed in 123 

The most interesting problem now is to analyze quantum integrable models with this new mathematical 
framework, in order to extract any nonperturbative information. In this direction, identifying the models with 
such underlying symmetry is obviously the first thing to be done. In particular, it should be stressed that © is 
closely related with U q i/ 2 (sl 2 ) with generators Q±, Q± jTTH I14| . Then, it is well expected that the characteristics 
of the model are encoded in the parameters N, q , Co, v whereas the fundamental generators should correspond to 
some observables. Below, we give various examples of quantum integrable models (lattice, massive, boundary or 
conformal) which enjoy the symmetry ©. 

• XXZ open spin chain with general boundary conditions: The fundamental generators \Nq N \ \N[ N) 
are related 6 with the nonlocal conserved charges obtained in [22] using the method proposed in E3El, and N 
corresponds to the number of sites. The deformation parameter q characterizes the anisotropy A = [q 1 / 2 +q~ 1 / 2 )/2 
of the model, whereas k, k± (cq) are non-diagonal left (right) boundary conditions, respectively. Also, v = 
1. Note that for more general right boundary conditions associated with extra parameters e±, the algebraic 
structure remains essentially unchanged. It follows that the underlying fundamental symmetry of the XXZ open 
spin chain with general boundary conditions is the q —deformed Onsager’s algebra © with representations El). 
This symmetry, sometimes called “boundary quantum group algebra”, is in one-to-one correspondence with the 

5 Of course, the linear relations m m need to be clarified in this case. 

6 Note that the nonlocal charges derived in 1521 correspond to certain integrable boundary conditions, not the most general ones. 
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tridiagonal algebra ED ED ED as shown in na Based on previous analysis, it follows that the transfer matrix 
can be simply written as (®). Details will be reported elsewhere. 

• Sine-Gordon quantum field theory: In the bulk, the sine-Gordon model is known to possess nonlocal 
conserved charges [7;, usually denoted Q±, Q± , generating a U q i/ 2 (sl 2 ) symmetry. Actually, \N i 0 N) ,\N[ N) for 
N —> oo admit a vertex operator representation in one-to-one correspondence with linear combinations of these 
charges m and parametrized by Co (arbitrary). The deformation parameter q and parameter v are easily related 
with the coupling constant /? 2 and the rapidity of the fundamental particles (soliton/antisoliton), respectively. In 
case of a non-dynamical m or a dynamical boundary m the model still remains integrable, but the symmetry 
is restricted. The corresponding nonlocal conserved charges have been constructed in E3E2, and generate an 
example of tridiagonal algebra mm For these boundary integrable models, one has the identification N —> oo 
and Co = 1. 

• Liouville quantum field theory: In this conformal limit of the sine-Gordon model, it is easy to check that 
either Q +1 Q_ or Q_,Q + are conserved (commuting with the stress-energy tensor). Then, an infinite number of 
conserved quantities are obtained from ED for TV —> oo and some vanishing parameters k, k* , k±. It follows that 
the Liouville field theory (as well as its boundary counterpart) enjoys the symmetry generated by a subalgebra 

of ®. 

• Quasi-exactly solvable systems, Bethe ansatz and q— difference equations: For general values of 
TV ^ 1, the spectral problem associated with ED leads to a system of partial q— difference equations that clearly 
needs further investigation. For the special case TV = 1, one obtains a second-order q— difference equation which 
has been considered in details in nami, and lead to Bethe equations. Interestingly, for the limit q —> 1 it 
becomes the Heun (or similarly the Poschl-Teller) equation. Furthermore, at this special value of the deformation 
parameter the Onsager algebra m exhibited and studied in the context of quasi-exactly solvable systems and 
nonlinear holomorphic supersymmetry ED is recovered. Then, we expect our construction will provide a new 
(algebraic) approach to the surprising relation between conformal field theory and differential equations pointed 
out in EH), as well as its massive counterpart. 

Related problems will be considered elsewhere. 
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models and applications: from strings to condensed matter”, contract number HPRN-CT-2002-00325. 


Appendix A: Tensor product representations of the fundamental generators 


wf +1) 

\n[ n+1) 

q(N+1) 


r( N + 1) 

kq 


— vq 1 / 4 S+q S3/2 ® X + V^q-i^S-q 83 / 2 ® I + q 83 ® W^ 0 , 

Co 

— v^q-'^S+q- 83 ' 2 ®F + vq 1 / i S-q~ 83 / 2 ®I + q~ 83 ® Vj\ N) , 
Co 


(q-q- l )S 2 _®I - 


( g l/2 + q ~ 1/2) 


(v 2 q 83 + v~ 2 q~ 83 ) ® E + I ® G)' 


(N) 


c 0 (<? 1/2 - q- 1 ' 2 ) 

+ (q - q - 1 ) (vq-^S-q 83 ' 2 ® + i r^S-q-^ 2 ® W[ N) ) + ,° /2 , 

V / co(g i/z — q~ 1 ) 

(« 1/2 + 9- 1/2 ) q,2„- S3 


(q-q- 1 ) 


Si® I - 


c 0 {q 1/2 - q- 1 / 2 ) 


{v 2 q~ 83 + v~ 2 q 83 ) ® I + I 0 Gj 


(N) 


(q-q- 1 ) ( 


(v-V^S+q 83 ' 2 ® W< ff) + vq- 1/4 S+q- 83/2 ® W^) + ^ -l*) ® 1 > 


Co 


( 61 ) 


1 1 


c 0 (g 1/2 - q- x ' 2 ) 
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w 


-k -1 


w 


(AT+1) 

k+2 


(JV+i) _ (wq 3) -(q 1/2 +q 1/2 )g 83 ) 


(g 1 / 2 + 9 _ i/ 2 ) 
(g 1/2 -g~ 1/2 ) 

(ql/2 + q -l/2)2 




y + w 2 ) 


fc+1 (gi/z + q-i/s) 

(V /4 5+9 S3/2 8 g£ 3 + coi+g 


1 ® wy + 


(AT) (l> 2 + 1> 2 ) 


-2\„„(j) 


■U), 


0 


■w 


(iV+1) 


83/2 8 + Cn *rV 1/4 S_a S3/2 8 G W -^ 


"* (gl/2+g-l/2)2 -* 

^80 /9 


riij+g-^wW, 


(v 2 +v 2 )4 J \ A/ (JV+1) 


( w o - (g 1/2 + g 1 / 2 )g 83 ) (JV) _ (+ +u 2 ) W v . , ~ 

{q 1 / 2 + q~ i/ 2 ) ° (g 1 / 2 + q-V 2) ® fe+1 + (gV 2 + g-V 2 ) 2 fc+1 

+ ( gV2Vg g -i/ / 2 2 ) ) 2 («- 1 9- 1/4 5 + 9- S3/2 ® G £> + co^g 1 ' /4 S'-g _S3 / 2 «. C« N) . \ 


83/2 8 Gfc + ;j + g“ 83 O W 


(N) 
k+2 I 


G 


(Jv+i) 

k+2 


r(N+ 1) 
^fc+2 


CO 


(g 1 / 2 _ g-V2)2 


^fc+l 


-{v 2 q S3 +v~ 2 q- S3 ) 


Gfe+i 


I; 




(g 1 / 2 + g-i/ 2 ) " fc+1 (gVz + g-i/ 2 ) 

+(g - g" 1 ) (vq-^S-q 8 ^ 2 8 (W^ - W<£) + z;- 1 g 1 / 4 ^_g- 83 / 2 (8 (wj^ - W^)) 


( v 2 + v 2 )w ( 0 j) (jy+1) 

(g^ + g- 1 / 2 ) 2 fe+1 ’ 


(g 1/2 - g~ 1/2 ) 2 
c 0 (g 1/2 + g~ 1/2 ) + 
(g- 9 - 1 ) ( -1 


r(N) _ 1 

k+1 (g 1 / 2 + g -1 / 2 ) 


+- 


co 


(Vy^S+g 53 / 2 8 (W 


(AT) 

fc-1 


y g- 83 + v~ 2 q S3 ) 8 Gl + i + J 8 Gj+ 2 
Wffi) + «g- 1/4 5 + g- 83 / 2 8 (Wg - Wg)) 


y+« 2 )4 J) ,gv + d 

(g 1 / 2 + g- 1 / 2 ) 2 fc+1 


for k € {0,1 ,N — 1}. 


Appendix B: Generalized linear relations 


The purpose of this Appendix is to show that the linear relations CEU, as well as their generalizations <0- 
63 , are satisfied for all values of N. For N fixed, let us first assume that W^\ W ^\, and with 

k G {0, N} satisfy 65t - 6Zt - Then, a straightforward calculation based on the finite dimensional representations 
m shows that 


JV+I 


e css wt, 1 ’ - - ,-' 2 )„r +i, wdr ■’ 


fc=1 


w n' - (g 1/2 + g 1/2 )g 83 g ^ ^n+i) m/( jv) 


,,(j) 

^0 


(gi/2 + g -l/2) 


fc—1 


n/ 1 > _ 

fc+1 ^fc+i „l/2 


V 2 + V 2 


AT+1 




fc=1 


+++ f ® e ® e 


(gi/2 + g-1/2) ^ 

1V+1 

+g 83 8 ^ /3i 7 


fc=l 


fc = l 


(JV+lWAT) 
fc+1 vv -k-l 


k =1 


(v 2 + V 

+ (g 1/2 + g _1/2 ) 2 


P ( 0 N+1) W^ +1) 


coy /2 -g- i/2 +r +1) wy +i) 


where l > 0 and 


iv+i / , 2 , —2\ U) \ m ~ k 

a(N+l) _sr^ ( v + v ) w 0 \ r (N+l) 

P-k+l 1 (gl/2 + g-l/2)2 I L -fc + l • 


( 62 ) 
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Using (G3J, it is easy to notice that 

P^k-l) = (l 1/2 + 9'- /2 )C'i i fe+ 2 for 2<k<N+l and =-c 0 (q - q~ 1 )u^ N ' > . 

Replacing these expressions and in Pf all terms vanish in virtue of 63-63- Consequently, 

AT+l 

E ESI VIE, - v ? ,/2 - S - 1/2 )E" + ' VIE 11 = o, (63) 

k= 1 

provided (1T>^1) - (1H71) for TV fixed. Similar relations also holds for and with k £ {0,7V+1}. 

Now, we proceed by recursion: 


• General case TV and 1 = 0: the linear relations are satisfied for TV = 1 and TV = 2, either corresponding 
to the Askey-Wilson relations (for TV = 1), or its TV = 2 generalization 11501) . According to ilii.'lll . it follows that 

are satisfied for all values of TV. 

• General case TV and arbitrary l > 0: Due to di, <uni admits the representation d and the mutually 
commuting operators take the form 123 • For N = 1 and N = 2, we obtained (PI) for arbitrary l > 0. Due to 
Kidl) . 1541) is indeed satisfied for all values of N. Clearly, similar analysis can be done (see 1541) 1 for <,<> 
and GjS with k £ {0, ...,7V}. Then, we conclude that 15411 - 1571 are satisfied for all values of TV. 


References 

[1] L. Onsager, Phys. Rev. 65 (1944) 117. 

[2] A.A. Belavin, A.M. Polyakov and A.B. Zamolodchikov, Nucl. Phys. B 241 (1984)333. 

[3] D. Friedan, Z. Qiu, S.H. Shenker, Phys. Lett. B 151 (1985) 37. 

[4] V.A. Fateev and A.B. Zamolodchikov, Sov. Phys. JETP 62 (1985) 215; Zh. Eksp. Teor. Fiz. 89 (1985) 380. 

[5] V.A. Fateev and S.L. Lukyanov, Int. J. Mod. Phys. A 3 (1988) 507; 

V.A. Fateev and S.L. Lukyanov, Sov. J. Nucl. Phys. 49 (1989) 925. 

[6] V.G. Knizhnik and A.B. Zamolodchikov, Nucl. Phys. B 247 (1984) 83. 

[7] D. Bernard and A. LeClair, Commun. Math. Phys. 142 (1991) 99. 

[8] B. Davies, O. Foda, M. Jimbo, T. Miwa and A. Nakayashiki, Commun. Math. Phys 151 (1993) 89. 

[9] S.L. Lukyanov and Y. Pugai, Sov. Phys. JETP 82 (1996)1021; Zh. Eksp. Teor. Fiz. 109 (1996)1900. 

[10] G. von Gehlen and V. Rittenberg, Nucl. Phys. B 257 [FS14] (1985) 351. 

[11] C. Ahn and K. Shigemoto, Mod. Phys. Lett. A 6 (1991) 3509. 

[12] L. Dolan and M. Grady, Phys. Rev. D 25 (1982) 1587. 

[13] P. Baseilhac, Nucl.Phys. B 709 (2005) 491. 

[14] P. Baseilhac, Nucl. Phys. B 705 (2005) 605. 

[15] G.H. Wannier, Rev. Mod. Phys. 17 50 (1945). 

[16] I.V. Cherednik, Teor. Mat. Fiz. 61 (1984) 55. 


16 


[17] E.K. Sklyanin, J. Phys. A 21 (1988) 2375. 

[18] A.V.Zabrodin, Theor. Math. Phys. 104 (1996) 762; Teor. Mat. Fiz. 104 N1 (1995) 8. 

[19] A.S. Zhedanov, Mod. Phys. Lett. A 7 (1992) 1589. 

[20] H.J. de Vega and A. Gonzalez-Ruiz, J. Phys. A 27 (1994) 6129. 

[21] S. Ghoshal and A.B. Zamolodchikov, Int. J. Mod. Phys. A 9 (1994) 3841. 

[22] J.H.H. Perk, 11 Star-triangle equations, quantum Lax operators, and higher genus curves" , Proceedings 1987 
Summer Research Institute on Theta functions, Proc. Symp. Pure. Math. Vol. 49, part 1. (Am. Math. Soc., 
Providence, R.I., 1989), 341-354; 

H. Au-Yang, B.M. McCoy, J.H.H. Perk and S. Tang, Solvable models in statistical mechanics and linobreak 
Riemann surfaces of genus greater than one ” in Algebraic Analysis, Vol. 1, M. Kashiwara and T. Kawai, 
eds., Academic Press, San Diego, 1988, 29-40. 

[23] B. Davies, J. Phys. A 23 (1990) 2245; 

B. Davies, J. Math. Phys. 32 (1991) 2945. 

[24] S-S. Roan, u Onsager’s algebra, loop algebra and chiral Potts modeT , Max Planck Institute fur Mathematik, 
Preprint (1991). 

[25] E. Date and S-S. Roan, J. Phys. A 33 (2000) 3275. 

[26] P. Terwilliger, J. Algebraic Combin., 2 (1993) 177. 

[27] T. Ito, K. Tanabe and P. Terwilliger, u Some algebra related to P- and Q-polynomial association schemes ”, 
Codes and association schemes (Piscataway, NJ, 1999), 167- 192, DIMACS Ser. Discrete Math. Theoret. 
Comput. Sci., 56, Amer. Math. Soc., Providence, RI, 2001. 

[28] P. Terwilliger, “Two relations that generalize the q—Serre relations and the Dolan-Grady relations ”, 

math.QA/0307016 

[29] P. Terwilliger, Linear Algebra Appl., 330 (2001) 149. 

[30] P. Terwilliger and R. Vidunas, 11 Leonard pairs and the Askey-Wilson relations, math.QA/0305356 

[31] T. Ito and P. Terwilliger, ll Tridiagonal pairs and the quantum affine algebra U q (sl 2 ) v , math. QA/0310042 

[32] A. Doikou, 11 Boundary quantum group generators from the open transfer matrix?', math-ph/0402067 

[33] L. Mezincescu and R.I. Nepomechie, Int. J. Mod. Phys. A 13 (1998) 2747. 

[34] G.W. Delius and N.J. MacKay, Commun. Math. Phys. 233 (2003) 173. 

[35] P. Baseilhac and K. Koizumi, Nucl. Phys. B649 (2003) 491. 

[36] P.B. Wiegmann and A.V. Zabrodin, Nucl. Phys. B 451 (1995) 699. 

[37] S.M. Klishevich and M.S. Plyushchay, Nucl. Phys. B 628 (2002) 217; 

S.M. Klishevich and M.S. Plyushchay, J. Phys. A 36 (2003) 11299. 

[38] V. Bazhanov, S. Lukyanov and A. Zamolodchikov, J. Stat. Phys. 102 (2001) 567; 

P.E. Dorey and R. Tateo, J. Phys. A 32 (1999) L419; 

J. Suzuki, J. Phys. A 32 (1999) L183. 


17 



